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ERROR ESTIMATES FOR THE EULER DISCRETIZATION OF AN
OPTIMAL CONTROL PROBLEM WITH FIRST-ORDER STATE
CONSTRAINTS*

J. FREDERIC BONNANST AND ADRIANO FESTA#

Abstract. We propose some error estimates for the discrete solution of an optimal control
problem with first-order state constraints, where the trajectories are approximated with a classical
Euler scheme. We obtain order 1 approximation results in the L° norm (as opposed to the order
2/3 results obtained in the literature). We assume either a strong second-order optimality condition
or a weaker formulation in the case where the state constraint is scalar and satisfies some hypotheses
for junction points, and where the time step is constant. Our technique is based on some homotopy
path of discrete optimal control problems that we study using perturbation analysis of nonlinear
programming problems.
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1. Introduction and discussion of literature. Numerical methods for the
resolution of an optimal control problem are based on a finite-dimensional approxi-
mation, generally obtained through a discretization of the trajectory and a piecewise
constant or polynomial control. Obtaining error estimates for such approximations is
a key point in this issue.

Such problems began to be analyzed in the 1970s. They dealt with convergence
of a discrete optimal control solution; see for example [17, 11, 12, 30]. Other results
of convergence, provided using modern variational techniques, are also found in [34];
a survey of the results in this area is [13].

In this paper we focus on the case of pure state constraints, a case which presents
some special difficulties. In particular, it is known that when the constraint qualifi-
cation holds and the Lagrangian verifies a local condition of coercivity, the discrete
problem obtained with an Euler scheme has a solution for a sufficiently fine mesh, and
the corresponding Lagrange multipliers are at distance O(h) in the L? norm, where
h is the maximal discretization step, from the continuous solution/multiplier. This
important result is due to [16].

The second-order optimality conditions involve neighborhoods in the L* norm
but give only growth estimates in the L? norm. This is the so-called “two-norm
discrepancy” [26]. So, it is not surprising to get error estimates in the L? norm.
Yet it is useful to recover L>° estimates. For problems without state constraints, it
has been shown that standard numerical techniques such as the Euler discretization
[14, Thm. 6] or a discrete shooting formulation [27] provide an approximation of the
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solution of the problem where its L™ error can be estimated by a term of order h.
For state constrained problems, the situation is more involved. One possibility is to
work in a nonlinear space of Lipschitz continuous functions with bounded Lipschitz
constants. In this setting, the L? convergence implies L™ convergence. This is the
method proposed in [16]. Here the authors develop a Lipschitz stability result in L? for
a perturbation of the linearized Euler discretization, which leads to an optimal error
estimate O(h) in L2. Using a reverse Holder inequality [15, Lem. 3.1] for Lipschitz
functions, this implies an O(h?/3) estimate in L>. In the same work the authors
observe that such an estimate is not optimal (cf. [16, sect. 10]).

In this paper, we obtain a tighter O(ﬁ) error estimate for the L> norm, assuming
either (i) a strong second-order optimality condition, similar to the one in [16] (but
we allow a variable time step, whereas in [16] the time step was constant), or (ii)
a weaker second-order optimality condition, in the case when the state constraint is
scalar, structural hypotheses on arcs and junction points are assumed, and the time
step is constant (the precise statement of these hypotheses is in section 2.5).

In this second case our hypotheses allow us to obtain the stability of the extremals
(of the continuous problem) under a small perturbation; see [4]. We obtain a similar
result for the discretized problem. By contrast, for a vector state constraint we are
not aware of such stability results, even in the continuous case. This suggests that it
may not be easy to obtain the stability of the extremals after discretization without
a strong second-order optimality condition. This is an interesting open question that
we leave for future work, as well as the case of higher order state constraints.

1.1. Structure of the paper. In section 2 we introduce the problem and the
assumptions adopted in the paper, and we state our main result (Theorem 2.5): an
O(h) uniform error estimate for the control, state, costate, and multiplier. Section
3 presents the homotopy path on which our analysis is based. For each parameter
6 € [0,1] of the path, we define a pertubation (P?) of the discretized optimal control
problem and we construct a path of solutions of the corresponding optimality system.
For § = 0, (P?) coincides with the discretized optimal control problem, and for 6 = 1
a solution of the (perturbed) discrete optimality system is obtained from the solution
of the continuous time problem. Through the study of the regularity of each problem
(PY) (section 4) and checking that, under appropriate hypotheses, the homotopy
path has bounded derivatives (in a sense clarified in section 5), we can establish the
announced convergence estimates for the discrete problem. More precisely, due to
some coercivity properties of the Hessian of the Lagrangian, we first obtain a bound
in the L? norm from which respective estimates in the L> norm follow. We use there
the fact that the state constraint is of first order. Section 6 is dedicated to a simple
numerical test. The numerical test is in accordance with our theoretical result and it
confirms the tightness of the estimate. Appendices A-D contain some complementary
results not essential for the comprehension of the core of the paper.

1.2. Notations. By R" we denote the n-dimensional Euclidean space. Its dual
(whose elements are row vectors) is denoted by R™*. By V, V,, etc., we denote the
gradient or partial gradient with respect to u, which are column vectors, in by contrast
to the derivatives denoted by, for example, Dg(z) or ¢'(x) depending on the context,
which are identified as row vectors if g is scalar valued. The Lagrange multipliers,
including costate variables, are considered as dual elements and are represented by
row vectors.

By C(]0,T]) we denote the space of real continuous functions over [0, T'], endowed
with the supremum norm. It is known that its topological dual can be identified
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with the space M[0,T] of regular, finite Borel measures over [0,T]. Let BV ([0,T])
denote the space of bounded variation functions over [0,7], and let BVp([0,T]) be
the subspace of such functions with value 0 at time 7. Any continuous linear form on
C([0,T]) is of the form f fOT f(t)du(t) with u € BVr([0,T]). By W50, T;R")
with s € [1, 00], we denote the space of function in L*(0,T; R™), with weak derivatives
in L*(0,T;R™). Moreover, H*(0,T;R") := W12(0, T; R").

In the analysis we will define h as the greatest time step of the discretized problem,
and 6 € [0,1] as a homotopy parameter. When writing expressions such as O(1) or
O(h), we mean that the corresponding constants are uniform over 6 for A small enough.

2. The continuous problem and its discretization. We consider the follow-
ing pure state constrained optimal control problem:

Minimize o(y(T)); subject to
21) (P) Zg(t)))::‘;gq’i(t),y(t)) for a.a. t € [0,T7;
9i(y(t)) <0, tel0,T], i=1,...,r

where the initial condition yo belongs to R™, the control u(¢) and the state y(t) belong
to the spaces U := L>°(0,T;R™) and ) := WH°(0, T; R™), respectively, and g; is the
ith component of the vector g. Moreover, we assume the following.
(A0) The mappings ¢ : R — R, f : R™ x R® — R" are of class C? with locally
Lipschitz second-order continuous derivatives and g : R™ — R” is of class
C? with locally Lipschitz third derivatives. In addition, the initial condition
yo € R™ satisfies g;(yo) < 0,i=1,...,7r.

A trajectory of (P) is an element (u,y) of U x ), the solution of the state equation
in (2.1). It is said to be feasibleif it satisfies the state constraint, and then we say that u
is a feasible control. We say that the feasible trajectory (@, §) is a local solution of (P)
if it minimizes ¢() over the set of feasible trajectories (u,y) satisfying ||[u — oo < 0
for some d > 0. We assume the following.

(A1) The nominal trajectory (u,y) is a local solution of (P) in U x ), and @ is a
continuous function of time.

The hypothesis of continuity of the control may seem restrictive. However, it hap-
pens that, even for unconstrained problems, the analysis of second-order optimality
conditions is quite involved when the control is discontinuous; see, for instance, [29,
sect. 14].

The first-order time derivative of the state constraint is the function

(2.2) gV R™ xR" 5 R”, (u,y) — ¢'(y) f(w,y).

Note that g™ (a(t),7(t)) is the time derivative of g((t)). Denote the set of active
constraints at time t by

A(t) == {i=1,...,r]g:(y(t)) = 0}.

We say that the trajectory (@, g) has regular first-order state constraints if the follow-
ing holds.
(A2) There exists g > 0 such that, for all t € [0,7] and A € R"™* verifying \; =0
if i ¢ A(t), the following holds:

A< ag| 3 AVug @), ()|
i€A(t)
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The Hamiltonian function, where p € R™ and (u,y) € R™ x R", is defined by

H{p)(u,y) == pf(u,y).

With this classical notation we view the Hamiltonian as a function of (u,y),
parametrized by p, so that, for example, DH[p|(u,y) denotes the derivative of the
Hamiltonian with respect to (u,y).

For i =1 to r, we define the contact set for the ith constraint by

L :={t €[0,T]; gi(y(t)) = 0}.

We say also that the i-constraint is active at time ¢ if t € I;; otherwise the constraint is
inactive. A maximal open interval (a,b) of I; (resp., of [0,T]\ I;) is called a boundary
arc (resp., interior arc). The left and right endpoints of a boundary arc are called
entry and exit points, respectively. We call the union of entry and exit points junction
points.

2.1. Optimality conditions. We next introduce first-order extremals.

DEFINITION 2.1. A trajectory (@, y) is a first-order extremal of (P) if there exist
7€ BVr([0,T],R") and p € BV([0,T],R™) such that

(29 0 = 160500 . on 0.7] 50) = 0,

(24)  —dp(t) = ), (a1 dt+zgz (D), BT) = D),
(25) _ HLp0)(a(0).50)) = p{0) (8. 5(8) for 0.0, ¢ € 0.7),
(2. 02 @), =0, [ a@ONE0 =0 i=1..r

We say that 71 is the Lagrange multiplier associated with the state constraint and that
D 1s the corresponding costate.

THEOREM 2.2. Let (A0)-(A2) hold. Then a local solution (4,y) of (P) is a
first-order extremal, with unique associated costate and Lagrange multiplier (p, 7).

Proof. see, for instance, [6, Thm. 2.5]. |
The linearized state equation at (u,%) is, for v in V := L?(0, T; R™),

(2.7) () = f(a(t),5()(v(t), 2(t));  2(0) =0.
Its solution in Z := H'(0,T;R") is denoted by z[v].

2.2. A key result. The next assumption is quite common in these problems
and it plays a crucial role in the analysis. We assume that problem (P) has a local

solution (@, y) with associated multipliers p and 7 satisfying the following condition.
(A3) (Strengthened Legendre—Clebsch condition) There exists a > 0 such that

(2.8)  Hyuu[p()](a(t), 5(t))(v)* > alv|? for all v € R™ for a.a. t € [0,T).

Here and below we use the compact notation (v)? instead of (v,v). We recall that the
continuity of the control was stated in (A1).

Observe that, when @ and 7 are Lipschitz continuous, denoting by 7(¢) the deriva-
tive of 77, the costate equation (2.4) can be written in the form

(2.9) —p(t) Zﬁ(f)fy(ﬂ(t)yzi(t))JrZ vi(t)gi(y(t)) ae on (0,T); p(T) = ¢ (y(T)).
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LEMMA 2.3. Let (A0)-(A3) hold. Then both @ and 7j are Lipschitz continuous
and (2.9) holds.

Proof. The result is proved in [18, Thm. 4.2] for the case of a convex problem,
using a lemma on “compatible pairs.” It was generalized in [1], using the same lemma,
to nonconvex problems with state constraints of any order (see also [21] for the case
of a second-order state constraint). |

In the rest of the paper we assume (A0)-(A3) as a standing hypothesis.

2.3. Alternative formulation. We recall the definition of the spaces V :=
L?(0,T;R™) and Z := H'(0,T;R"), respectively. We use also the notations

H[t] := Hlp()|(u(t),y(t);  glt] := g(5(t)), [f[t]:= f(u(t), y(t));

with a similar convention for their partial derivatives, for example, H,[t] := H,[p(t)]
(@(t), y(t)). In addition, we denote by D?H[t] the Hessian of H[p(t)](u(t),%(t)) with
respect to (u,y). More generally, writing [t] as the argument of a function means that
this function is to be evaluated over the nominal trajectory (@, ) and, where it is
necessary, over the associated multipliers (7, p). For simplicity of notation, we write
in what follows D?H[t](v, z)? instead of D?H[t]((v, 2), (v, 2)).

Let us define the quadratic form over V x Z, where z = z[v]:

(2.10)  Qv) := /0 <D2lﬁ’[t](v(t)aZ(t))2 + Zﬂi(t)gi'[t](Z(t))2> dt +¢" (1)) (=(T))*,

and the set C(u) of strict critical directions is defined as those v € V such that, for
z = z[v],

(2.11) z = fu(u,y)v+ fy(4,5)z on [0,T]; z(0) =0,
(2.12) g(yt)z(t)=0, tel;,i=1,...,r
(2.13) & (5(T))2(T) = 0.

We discuss in Appendix A the relation of this set with the standard critical cone.

Let us next recall the alternative formulation of the optimality conditions, due
to [10] and [22], and put on a sound mathematical basis by [25]. (See also [4, 31].)
We need this alternative formulation in section 5 and Appendix C. The alternative
Hamiltonian, where g™V is given in (2.2), (p',7') € R™ x R"™, and (u,y) € R™ x R™,
is defined by

(2.14) Hp* 7' (u, y) = p* flu,y) + 7' ¢ (u, y).

Now define the alternative costate and multiplier of the state constraint:
pH(t) == p(t) + Y m(Bgi(@®);  7'(t) == —n(t), te(O,7T).
i=1

We can check that
(2.15)  —p'(t) = Hy[p' (t), 7" (1)](u(t),y(t)) ae. on (0,T); p'(T)=¢'(H(T)).
At the same time, for any u € R, we have that

Hlp* (), 7" (1)) (uw, 5(t) = (0" (t) + 7" ()9 @) f (u, 5(2)

S~—
Il
isT)
—~
-
=
—
s
<
—
-
S~—
S~—
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Consequently, the property of stationarity of the Hamiltonian with respect to the
control holds for the original Hamiltonian H if and only if it holds for the alternative
Hamiltonian H. The corresponding alternative quadratic form, where z = z[v], has
the following expression:

T
(2.16) Q(v) == / D?HIt](v(t), z(t))*dt + ¢" (4(T)) (2(T))>.
0
The form above involves the expression of D?g(!) [t], which is easily checked to be

(217)  D*gWt)(v,2)* = P [H](f1E), 2, 2) + ¢'[1] [t (v, )% + 29" [E) (=, Sy [E] (0, 2)).-
The next lemma is a variant of some results by Bonnans and Hermant [4] and
Malanowski and Maurer [24].

LEMMA 2.4. We have that Q(v) = Q(v) for allv € V.

Proof. We give a short, direct proof in the case of a single constraint for conve-
nience. Using (2.17), we get that

SN—
=
—
—
—
=
(o9
~

/0 p(0)g"[)(=(1))?dt = / o 1)(=(0))*di(t) = / D (¢"[t)(=(t))
T
- / (6 @) (1. 0. 2(0) + 29”11 (=(0). 20)) 7 ()l
_ / (D% P (). 2(0)? — o [ 0(0). 2()?) 7 ()a.

Substituting p(t) = p'(t) + 771 ¢'[t] in the expression of Q(-), we obtain that

T
Qv) = /0 (') + 7' g ) f [ (w(?), 2(t)* + 2(t)g"[t](=(2))?) dt
+¢"(H(T)(=(T))?
= [ (@O, 202 + 7 OO, 20)7)
+¢"(H(T)(=(T))?,
as it was to be proved. 0

2.4. Discrete version. We introduce now the Euler discretization of the opti-

mal control problem (2.1). Given some nonzero N € N and a collection of positive

time steps hx, Kk =0 to N — 1, such that Z,JCV;OI hy =T, we set

k—1
t =§h k=0....N;  h= max h
and we consider the discretized problem
Minimize ¢(yn); subject to
=y + hi f(ug, fork=0,...,N—1;
(2.18) (Pd) Yk+1 = Yk kS (U, )

Yo = Yo;
g(yk) <0 fork=1,...,N.
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We define, in analogy with the continuous formulation, by " := (R™)¥ the space of
discrete control variables (we use the same notation for the other functional spaces).
The associated Lagrangian function (with a proper scaling of the state constraint) is

N-1 N
OUn) + > Prar (W + haf (s yi) = yrrr) + O havieg(yn),
k=0 k=1

where v49(yx) == > i, Vk,i9i(yx). The first-order optimality conditions in qualified
form (that is, as discussed in the previous section with the multiplier of the cost func-
tion equal to 1; see, for example, [8, sect. 3.1]) for this finite-dimensional optimization
problem with finitely many equalities and inequalities, are

P = Pet1 + heper fy(ue, ye) + heveg' (ye), k=0,...,N —1,
pN = ¢ (yn) + hvvng' (yn),
0= Hylpr+1](ug,yx), k=0,...,N—1,
9i(yr) <0, Vi 205 viygi(ye) =0, i=1,...,r, k=0,...,N.

(2.19)

Analogously to the continuous case, we define also the “integrated” multiplier for both
the normal and the alternative formulation:

N
(2:20) Mhi=— Y hivg, 0= -0,
=k

so that hxvy = k41 — Mk = Mk — Mk+1 for k£ = 0,..., N. In the case when the
discretization step is constant we have hg = h1 =--- = hy_1.

2.5. Main result. Asmentioned before, we present some results for two different
cases of interest. We need to preserve the coercivity of the Hessian of the Lagrangian
of the discretized problem over some subspace; this can be stated as a hypothesis, as
in [16], or obtained under hypotheses on the structure of the times at which a scalar
state constraint is active. So we will assume that one of the following two assumptions
holds where Q(+) is defined in (2.10).

(A4) There exists a constant « > 0 such that

T
Qv) > a/ lo(t)|?dt  for all v €V,
0

and all discrete steps are of the same order, i.e.,

(221) mgx (hk/hk—l + hk—l/hk) = O(].)

The condition on €2 is known to be a sufficient condition for local optimality in U; see
[28, Thm. 2.4].

(A5) (Scalar constraint and finite structure) Assume that r = 1, the discretization
step is constant, the set [ is a finite union of boundary arcs, the density v is
uniformly positive over the boundary arcs, and there exists a constant o > 0
such that

T
(2.22) Qv) > a/o lv(t)[*dt  whenever v € C(a).
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We recall that the set of strict critical directions C(@) was defined in (2.11)—(2.13).
Condition (A5) is known to be a sufficient condition for local optimality in U; see [6,
Thm. 6.1(ii)]. We say that t € [0,T] is a touch point for the ith state constraint if it
is an isolated element of I;. Note that (A5) excludes touch points.

THEOREM 2.5. Let either (A4) or (A5) hold. Then there exists cg > 0 such that
the discrete optimal control problem (Pq) has a local solution (u”,y") with associated
multipliers (p",n") such that, for h small enough,

(2.23)  max (Jyg — §(te)| + [u — altn)| + [k — P(tx)] + [0k = 7i(t)]) < ch.
The rest of the paper is devoted to the proof of this result; for that purpose we
need to introduce a homotopy path.

3. Homotopy path. We consider a family (P?), parametrized by @ € [0, 1], of
finite-dimensional optimization problems, which can be viewed as a perturbation of
the discrete optimization problem (Pg):

Minimize ¢(y%) + 0 S n o h2(62y¢ + 6rul);  subject to

3.1) (PY) Yo =yl + hif(ul,yl) + 0h3s) fork=0,...,N—1;
| gl(yZ) S ehl%ég’z fOI' k‘ = 1, .. -,Na
yg:y()) Z’:l’_._77a.

The given perturbation terms (67,6}, d7,07) € R™ x R™ x R™ x R" will be defined
later. For @ = 0, (P?) reduces to the discrete problem (P4). Roughly speaking, we
choose the perturbation terms in such a way that the values of the solution (@, §) and
the multipliers of the original problem (P) satisfy the optimality system of (P?) at
discretization times t; when @ = 1. The expression of the optimality system of (P?) is

P =Dy + hapl ) fy(uf ul) + b (u)) + OR30F,

(3:2) Py = &' (y%) + hnvid (y3),
0 = Hu[pf1](uf, vf) + Oyt
for k =1 to N — 1 with the complementarity conditions i = 1,...,r:

(33)  gi(y)) —0ho7, <0, v),; >0, vf,(g:(yR) — OhZo] ) =0, k=1,...,N.
Let us set
(3.4) fRo=ful,yl);  HY = Hpl ) (ud, yl).

For future reference, we note that the expression of the linearization of the costate
equation (3.2) is, denoting by (v?,2?,¢%, 6v/%) the variables corresponding to the vari-
ations of (u?,y? p?, 1)

) = g1+l S+ b () THE, + hi(2)THY,
(3.5) + hivp (20) 79" (yf) + hidvig' (yf) — Ohi 6P,
@& = ()" W) + hvvl (23) 79" (&) + hnovid (yR)-

The corresponding approximation of 7 is (see (2.20))

N
(3.6) m=—Y hp!, k=0,...,N.
j=k
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Next define
g = u(ty), Gk :=y(tx), k=0,...,N—1,
(3.7) ) X Pt
Pr = p(tr), Ug:i= v(t)dt, k=1,...,N,
tr

and accordingly

N
k= n(ter1) = > by, k=1,... N.
j=k

For 6 = 1 we define uz and the associated state and multipliers by
(38) ullc :aka yli:gka pllg :ﬁka 7711 :ﬁk for k = 1;"'3N'

We next define the perturbation terms (8,7, d7,87) by giving to them a value such
that the terms above are a solution of the discrete optimality system (3.2)—(3.3) for
0 = 1. Then §Y is determined by the discrete state equation, §% and §? are determined
by (3.2)—(3.3), and we choose

0\ /B2 ip o0
o _ | gilyp)/hi ifvg, >0,
(3.9) O = { 0 otherwise.
LEMMA 3.1. We have that
(3.10) [109[|oc + [[6“[|oc + |67 [loo + [67[|cc = O(1).

Proof. If v; # 0, then max{g;(y(t),t € [tk,trk+1]} = 0. Since w is Lipschitz
continuous by Lemma 2.3, t — ¢g(7(t)) has a.e. a bounded second derivative. So there
exists a ¢ > 0 independent on h such that g;(g(ty)) > —ch? for all t € [ty, tx11], 50
that ||09|lcc = O(1).

Next, if w : [0,7] — R is C! with a Lipschitz continuous derivative of constant
L, then by a first-order Taylor expansion, we have that

lw(t+ h) —w(t) —w'(t)h| < LR

By Lemma 2.3, the control is Lipschitz and, therefore, () is also Lipschitz continuous
(with respect to 0); we deduce that ||§¥]| = O(1). For the costate equation, we have
that

tre41

Ptesr) = Pltn) — / £ 0dt - / o(t)g[1)dt.

tr tr

Now since u, ¥, and p are Lipschitz continuous,

th+1

/tk# pt) £, (u(t), g(t))dt — /

123 tr

ﬁ(tm)fy(a(tk),y(tk»dt' — o),

and (in the parentheses below we recognize the expression of vy)

/tw (t)g'[t)dt — ( /t:” y(t)dt) g'(y(tk))’ = O(h2).

ty

It follows that ||0P|| = O(1). Since p is Lipschitz continuous and H, [p(tg)](u(t),
g(tx)) = 0, we deduce that ||6%||cc = O(1). The conclusion follows. d
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In the rest of the paper some of the estimates presented are valid in a special neigh-
borhood of the continuous solution. To state them rigorously, we need the following
definition: given € > 0 and @ € [0, 1], we say that a solution X? := (u?,y? % %) of
the optimality system (3.2) is an e-neighboring solution, or an e-n solution for short,
if we have that

(3.11) max |y = gt)] + Juf — a(te)| + [k — Bt + [} = (1)) <e,

and we define

0., :=inf{f € [0, 1]; (3.2) has an e-n solution}.
When 6 = 1, the left-hand side of (3.11) has the value 0, and therefore 6,, is well
defined with a value in [0, 1].

Through the structure of the homotopy path problem we are now able to prove the
bounds shown in Theorem 2.5. In the following we analyze some technical points. In
particular, we use the fact that the e-n solution of (P?) is uniformly Lipschitz continu-
ous (the result is found in section 4) and that such a solution is in an
e-neighborhood of the solution of (P), X' = (u,¥,p,7); this point is discussed in
section 5.

Proof of Theorem 2.5. We prove in section 4 that, if & is small enough, then for
6 € [0m, 1], (u?,y?) is uniquely defined and has unique associated multipliers (p’, n?),
and setting X7 := (u%,4?,p% n%) (see section 5), § — X? has a Lipschitz constant of
order h in the uniform norm. It follows that, for a fixed ¢ > 0, | X% — X[, < ¢
when h is small enough, which gives a contradiction if 6, > 0. Therefore, X is well
defined and || X! — X°||c = O(h), as was to be shown. |

4. Regularity of the e-n solutions. In this section we present some regularity
results for the e-n solutions of the homotopy path problem.

Given an e-n solution X? of (PY), we prove the uniqueness and the uniform
Lipschitz continuity of X?. In the following, when there is no possibility of confusion,
we drop 6 as the upper index in the notation for better readability, keeping the
complete notation in the statements of the main propositions. We need to define

C]% = %(fu(ukflvyk)_fu(ukflvykfl))a
C? = prrSy(un, ye) fulur, yr),
(4.1) AY = Ry — h_18E
= Pk — Dr1) fu (Ui, Ur) — (Pr—1 — D) fu(l—1, Ur—1),
Cg’ = C% — Cg — Hhkégfu(uk,yk) + QA}:/h;C

We may see the Ci = Ci(0) as a function of 6; we call variation of these amounts
w.r.t. 6 the amount |C}(8) — C7(1)]. Observe that, since yj is uniformly Lipschitz
continuous with respect to 6, we have that

hi—1

@2 () cf="t

Hauylpr] (w1, yi) f (u—1, yi-1) + O(h); - (ii) |CR| = O(1).
LEMMA 4.1.

(i) Let X% be an e-n solution of (P?). Then there exists ¢z > 0 not depending on

h or @ such that, if € > 0 and h are small enough, then

T 4 4
1 (ug — up_y)
(4.3) ;w‘i,j Vug; (uf, o)) = HE 2 4 O
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where HY satisfies
(4.4) \HY — Houlpr] (ug, )| < ene, k=0,...,N —1.

(ii) Let ¢’ > 0. If in addition, the time step is constant, ty belongs to a boundary
arc (ta,tp), and tg, +& < tp_1 <ty < ty, —e', then the variation of C3 (with respect
to 0) along the homotopy path is of order €.

Proof.
(i) Note that hid = (Pr — Pr+1) fu(Gk, Gk ). By the optimality condition (3.2), we
have that
(4.5)
0 = Hulprri)(ur, yr) — Hulpe)(ur—1,y6—1) + 0A},
= Prrrfu(Ur, yr) — Prfu(ur—1,yr—1) + OA}
= (Pra1 — i) fu (U, yr) + Pr [fu (U, yr) — fulur—1, ye—1)] + 0A}
= (Prt1 — i) fu (e, yr) + i [fu(urs Y) — fu(un—1,yx)] + haCL + 0AL

By the mean-value theorem, we have that

P (fu(ur, yr) — fu(up—1,yx)) = Hi(up — up—1),

where

1
(4.6) Hi = pk/ fuu(uk—1 + o(uk—1 — ug), yx)do,
0

so that (4.4) holds. We conclude by combining (4.5) and the discrete costate equation
in (3.2), where Vug!" (ur, yr) = g} (yn) fuur, yi)-

(ii) It is easily checked that C} and C7 have variations of order ¢, as well as (since
it is of the order of h) 0hy6? f (uy, yx). Since the time step is constant, we have that,
by (4.1), A¥/hy = 8§ — 6, is of the order of h over the interior of a boundary arc.
The conclusion follows. d

Let us define

Ak . 9iWk+1) = 9i(yk)  9i(yx) — gi(yr—1)
v hi hi—1 ’

(4.7) 21 = gi(uk) (f (ur—1,9x) — f(uh—1,95-1))
+ 0, (yr) (hid}, — hi—167_1) + $hgi’ () f(ur, yi)?
=+ %hk—lgz{,(yk)f(uk—layk—1)2~

LEMMA 4.2. We have that
(a) the following relation holds

(4.8) AN = gl (yr) fuyr, ur) (ue — ur—1) + 24 + O(h?) + O(e|ug, — up—1]);
(b) if in addition the time step is constant, then

(4.9) 2% - E'|os = O(he).
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Proof. Use
9i(r+1) — gi(ur) = gi(r) (Wrs1 — ur) + 297 (ur) (k1 — yi)* + O(RY)
= g (ye)f (e, yx)
+ $hi (209 (yr)Sy + gf (yr) f (ur, yr)?) + O(h})
9i(k—1) — 9ityr) = i) Wr-1 — y) + 397 () (k-1 — yx)* + O(h3)

= — h—19{(ye) f(Ur—1, yr—1)
+ $h3_1 (=209 (yr)SY_ 1 + 9/ (yi) f (ur—1,yk-1)?)
+ O(h3_,).
We obtain (a) by dividing these relations by hi and hi_1, respectively, adding
them, and observing that
SQur, yr) — flup—1,y6—1) = fur, yr) — fur—1, %) + fup—1,96) — fur—1,yr-1)
= fulur, yr) (up — ugp—1) + (f (up—1,9x) — flup—1,yx-1)) + O(elur — ug_1).
Since |yr, — yr—1| = O(hr—1), the point (b) follows using that hy = hjr_1 and
|03, = h_1| = O(h). 0

Now we are ready to obtain the uniform Lipschitz estimates of the variables of
the perturbed problem. A similar result, for the case of a linear quadratic optimal
control problem, was obtained in [15]. Let us set

T
(4.10) wi = v Vg™ (ur, yr) = Y Vi Vgt (g, yi)-
=1

We denote by Lip(u?), Lip(p?) the Lipschitz constants of u’, p?, defined as follows
for the control:

Lip(u”) := max{|ul,; — ul|/hr; 0 <k < N},
and similarly for the costate.

LEMMA 4.3. We have that
1

(4.11) wi Hy wy, = k- (u, — ug—1) +wi Hy 'C3,
as well as Lip(u®) + Lip(p?) + ||1?]|so = O(1).

Proof. By the Legendre—Clebsch condition (A3), for small enough & > 0, Hy, is
uniformly invertible. Computing the scalar product of both sides of (4.3) by wg’H,;l,
we obtain (4.11), and deduce with (A2) that, for some ¢; > 0, co > 0, provided h is
small enough,

_ 1
(4.12) er|lvel? < wiH twy, < h—kwk (up — up—1) + co|Vil.

By (4.8),

(4.13) wy - (up —up—1) = Z vk (Yk) fu(Yr, wr) (ug — up—1) = ZVkAZ’i +O(hll),
i=1 1=1
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so that with the previous display
1 ;
(4.14) alvl? < ZZVkA’;’ + O(|w).
=1

When v, ; # 0, we have that g%i := gi(yr) — Oh347 , reaches a local maximum and
therefore ; . ; .
k1,0~ ki kg~ Jk-14

0> ,
- hi; hi—1

which amounts to

o (R280 - B30, h36Y,— B2 60, ]
Algc,z < 9( k+1 k+;L,z k7k,i  kTk,i ; k—1 k—l,z) < O(h)
k k—1

Combining with (4.14) it follows that ||v|. = O(1). Since |C}| = O(1), as already
noticed, the Lipschitz estimate for the control follows from (4.3) that |ur —ug—1|/hr =
O(|vk|+1). By (3.2), the discretized costate is also Lipschitz continuous with respect
to 6. a0

(4.15)

5. Sensitivity analysis.

5.1. Characterization of derivatives with respect to 6. In this section
we complete the proof of Theorem 2.5, showing that an e-n solution (u?,y?) of the
perturbed problem (P?) is in an L> neighborhood of (u,7), the local solution of the
problem (P). The strategy consists in establishing that the path X? := (u?,¢?, p? %)
is Lipschitz continuous, and then showing that it has the derivative, (from the left
with respect to 6), 6X? := (v?,29 ¢ 6n?), satisfying [|6X%)|.c = O(h). This will
imply that the Lipschitz constant of X? (in the L norm) is of order O(h). We recall
(compare to (3.6)) that v :== 7, —nf, k=0 to N. Consider the following quadratic
programming problem:

N—1
min %QG(U, z)—0 Z hi(éizk + 8tvy)  subject to z = 2%[v] and
5.1 QP o |
( ) ( ) g;(yk)zk = _ahiég,i’ ke I_z‘_,e,
9i(yr)zr < =036}, kel

Here v € VN, 20[v] € ZV is defined as the unique solution of the state equation of
the linearized problem

(52) ZIZ+1 :Z,Z"_hkfy(ukvyk)(vkvzz)_Ghiéga k:O,...,N—]., i = 1,...,7",

and the set of constraints [j_"e and Ié’g are defined as the inequality constraints of
problem (P?) that are active at y?, i.e.,

I-zilg :{k:O77N7 Vz12>0}’

(5.3) .
Ié’e = {k =0,...,N; l/g)i = gi(y?) :O}.

Finally, the Hessian of the Lagrangian of the discretized problem is, setting HY :=
ph 1 f(ul,yf) and for 2% = 2%[v],

N-1 N

(54) Q% 2) =Y WD H(ve, 2)* + > hk D> gl (2)” + ¢ (%) ().
k=0 k=0
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PROPOSITION 5.1. Let either (A4) or (A5) hold. Then problem (QP) has a
unique solution 6 X% := (v?,29,¢%, 6n%), which is equal to the left derivative of 6 — X9,

Proof. We apply Jittorntrum’s result [23, Thm. 4]. It states that, for a nonlinear
programming problem, the directional derivative (in our case simply the left deriva-
tive) of the solution is obtained by solving a quadratic problem whose cost function
is the Hessian of the Lagrangian (with respect to both the optimization parameters
and the perturbation in the desired direction) under the constraint of linearization
of all active constraints. We recall that in this case the inequality constraints asso-
ciated with a nonzero multiplier are changed into equalities. This theorem has two
hypotheses: (i) the surjectivity of the derivative of active constraints for the nonlin-
ear programming problem (which gives the existence and uniqueness of a Lagrange
multiplier), and (ii) the positivity of the Hessian of the Lagrangian (with respect to
both the optimization parameters) over the extended critical cone. The latter is the
set of directions in the kernel of the linearization of the constraints associated with
a positive Lagrange multiplier. Since the quadratic problem corresponds to (QP) in
our setting, we just have to check both hypotheses.

We prove (i) in Proposition 5.2, and (ii) when (A5) holds in Lemma D.2. Finally,
assume that (A4) holds. Then (ii) follows from Lemma C.1 in the Appendix C. 0O

Let us introduce the following discrete alternative formulation: we underline the
analogy with the alternative formulation recalled in section 2.3. We first define the
set of inequality constraints that are active at the solution of (QP):

(55) 1= 10Uk € 1% g+ = 0).
For i = 1,...,r, denote by k[i, 1] < --- < k[i, Mf] the elements of I*?, set k[i,0] = 0,
and for j =0,...,M¢ —1,

56 { Aty =t j+1] — tklig)
. E R

by = =Ry Ok e — POk /At
Set

(5.7 Grl(v, 2) = 9" (Ye+1) — 9’ (yk)

2k + 9 (Yrr1) (F (ur, g ) (0r, 26) — Ohidy,) .

Iy
If z = 2%[v], then
’ o
(5.5) Galve, ) = & (yk+1)zk—;1 9'(y)zk
k

Since zg = 0, it follows that

k—1
(5.9) g/(yZ)Zk = Z hqGq(vg; 2q)-

q=0

So the solution of (QP) satisfies the following equality constraints, denoting by Gy, ;
the ith component of Gj:

ki) -1
(5.10) heGiq(vg, 2g) = —0h307,
0

q=

i,4],47
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An equivalent set of equality constraints is
klij+1]—1

> mGri(vrz) =0, i=1,...,r, j=0,...,M—1.
b k=kli,j]

1

E
(5.11) b, —
The corresponding quadratic problem is
N—1
min 109 (v,2) — 6 hi (0% 21 + 61 vg)
(5.12) (QP){ v 7 ,;
subject to z = 2%[v] and (5.11).

We call v¥ the solution of this problem and 67 the multiplier associated with con-
straints (5.11) and ¢ the costate. The Lagrangian of (QPg) is by the definition

(5.13)

N-—1 N-—1
— 0> i (602 +0pve) + > derr (Pufi(vks 2k) + 2 — zkg1 — ORGY)
k=0 k=0
k[i,j+1]—1
+ Z Ati,jdﬁzj bfj — Z hi G (vg, Zk.)/Ati,j
i,j k=k[i,]

The optimality conditions of (QPg) have the following form. The costate equation is
Gk = Qe + Pidrrr fy + ho(ve) " HY, + hic(z6)" Hy, + hivr(21) 9" (yr)
(5.14) - Z itk (9" (Wkt1) — 9" (k) + Pueg’ (Y1) [y (wi, yi)) — Ohip;
in = (ZN)ch (yn) + hvvn (2n)" " (yw)-
Given k < M;, set

(5.15) jli, k] := min{j € I*%; j >k +1}.

Expressing the stationarity of the Lagrangian with respect to v, we get that

(5.16) ()" Hyy, + (z6)"HY, + ((ikﬂ - Z5n¢,j[i,k]g/(yk+1)> fi=0.
i=1

This suggests defining
(5.17) Qk+1 = Qr+1 — ;5ﬁi,j[i,k]9§(yk+1)a k=0,...,N—1,
OUk := 01; j[ik) — O jlik—1], K =0,...,N.

Then ¢ is a solution of

~ = ~ k T rrk T rrk T _n

Gk = Grv1 + Mo fy + he(op)” Hy, + ha(2)" Hyy, + hi(21)” " (yr)
(5.18) + hidvkg' (y) — OBZOY,

in = (2n)"¢" (yn) + hvvw (2n) 9" (yn) + hadong' (yn)-

In addition, we observe that if 60 # 0, then 67; ji;x > 67 jjik—1) by (5.17), and
therefore the ith state constraint is active at step k. Since (QP) has a unique multi-
plier, we deduce that § is equal to the solution ¢ of (3.5), and

(5.19) OUk = 0vk; 0T j[i,k) = OMik+1-
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5.2. Uniform surjectivity. We write here the linear mappings involved in the
quadratic problem (QPg), starting with

(5.20) z,fH = z,f + hkfy(uk,yk)(vk,z,f), k=0,...,N—1, zé‘ =0.

For any v in the space V¥, (5.20) has a unique solution denoted by z*[v]. Let & be
the solution of £, = 0 and

(5.21) Shar = En + hify&e — Ohpoy; k=0,....N—1; & =0.
We have that

(5.22) =2k 4+ & k=0,...,N, |¢]lsc = O(R).

We set

giL,j(U) = (gg(yk[i,jﬁ-l])zlf[i,j-i-l] [v] — g;(yk[i,j])zlg[i,j] [v])/Ati

5.23
(5.23) j=0,....,M—1; i=1,...,r

The linear (homogeneous) equations corresponding to those of (QPg) are therefore
GL(v) = 0. Consider the following perturbation of the right-hand side of these equa-
tions, where b is an arbitrary term:

(5.24) GH(v) =b.
We use the following norm for s € [1,00):

r M?—1

(5.25) Bl = > Atylbigl*

i=1 ;=0

These norms can be identified with the usual L® norms on [0, T'] for piecewise constant
functions and therefore we have the usual Cauchy—Schwarz and Hélder inequalities,
in particular

(5.26) 18]+ < v/rT|[b|

PROPOSITION 5.2. There exist constants Cs, s € [1,00], such that the linear equa-
tion G(v) = b has, for small enough h, a solution v verifying

(5.27) llvlls < Cs||blls  for each s € [1,00].

Before proving Proposition 5.2, we introduce some notations. For ¢ € [0,7] and
€o > 0, we define the set of g active constraints as

(5.28) A, (1) :={1<i<r; |t/ —t] <ep for some t’ such that i € A(t')}.

Since the control is continuous by (A1), and the first-order state constraint satisfies
(A2), we have that, for g > 0 small enough,

(5.29)

S AVugN (@ )| > LalAl, if A =0 when i & A, (t), for all ¢ € [0, 7).
i€AL(t)
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Fori € {1,...,r}, we denote the set of £g active constraints by Jgf, i=1,...,7r. This
is a union of closed balls (in [0,77]) of radius €. Since every connected component
has length at least 2eg, J;(’f) is a finite union of closed intervals.

We next define the one-time-step analogue of G:

; —q
(5.30) Gri(v, 21) = gi(yk“;l 9i(Yk)
' k

Note that Gf. ;(vk, zx) = (9} (Wk+1) 241 0] — g} (y)zx[v]) /P

2k[v] 4 g; (rr1) (" (unes yr) (Vi 28 [0])).

Proof of Proposition 5.2. The idea is to compute, for each k, v as the minimum
norm solution of the linear equations

(5.31) Gl (v, 28) = by, i€ A(ty),
where the variable size vector l;k,i for 7 in A, (1) will be defined later, and then to set

(5.32) bi,i = GEi(ve, 2 ) for i & Ac(ty).

Thanks to the expression of G}, and (5.29) setting 2 = z*[v], we have that

(5.33) okl <er [ 1E1+ D bk
1€A(tr)

Here the ¢; are positive constants not depending on v or k. It follows with (5.30) that

(5.34) il < co (Jorl + 26 [0]]) < es [ 261+ D [bwil
i€Ac(tr)

So, by (5.20)
(535) |Z]€+1| < (1 + C4hk)‘zl€| + c5hk|vk| < (1 + 06hk)|z,f\ ~+ crhy Z |l~7k71|
i€Ac(tr)

By the discrete Gronwall’s lemma it follows that

N—-1
(5.36) (B N T N i
k=0

1€AL ()
and therefore, with (5.33),

N—-1
(5.37) [l <o Y b Y [bral®,
k=0 €A (ty)

and in the right-hand side we recognize the L* norm of the ¢ active components of b.
We next end the proof by fixing the by in such a way that

(5.38) Ghi(w) =big j=0,....,M = 1; [blls = O(|[b])-

We obtain the second relation by induction over k: we prove that there exists ¢ > 0
such that

(5.39) Dol <e > (bl

<k iskli.g)<k
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We distinguish two cases.

(a) T {tufig)- - thfij+1)) € Jg‘g", then take

(b) If {tk[i,j]ik[i,j-s-;]} ¢ Ji9 let k' be the smallest index in k[i, j],.. ., k[i, j + 1]
such that k € Jg’oe whenever k' < k < k[i,j + 1]; then

(541) tr + %60 < tk[i,j+1]-
We choose
= by, k=k[,j]+1,... K,
(5-42) %”_{7, k=K 41, kli,j+1]

for some ~y such that

K’

(5.43) > bk + (g — te) = (rjig1) — tilig)bklig+1),
k=kK[i,j]+1

so that the first relation in (5.38) holds. At the same time, since %60 < trij+1) — trrs
we have that

k/
9 _ .
v < - (thi,j+1] — tr[i,j])Oklinj+1] — Z hibg,i
0 k=k[i,j]+1
(5.44)
< Tlbrgijny + D hlbw.s]

K<k’

We use the induction hypothesis (5.39) in order to estimate _,., hx|bxi|. The
conclusion follows. B o0

From the same argument of the previous result we can deduce also an estimate
for the control of a feasible trajectory.
Note that

(545) Gk,i(vka Zk) = vai(vk) + O(iL), t=1,...,7

COROLLARY 5.3. Problem (QPg) has a feasible point © such that ||9||.c = O(h).

Proof. In view of the proposition above, it is enough to check that we can write
the active constraints of (QPg) in the form

(5.46) Gri(v) =bri; bl = O(R).
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Remember that z[v] = 2L [v] + & [v] with ||€[v]||ee = O(||v]|1); therefore

b — g 9i Wnlij+1)) — 9i Wi j)
! At

— O(hi 4187,y — h2d7) /.,
which is of the desired form. 0

COROLLARY 5.4. Let either (A4) or (A5) hold. Then (QPg) has a unique solu-
tion 19 associated with a unique alternative multiplier 67°, which satisfy

(5.47) + gg(yk[i,j—i-l])f;(uk[i,j]vyk[i,j])) Ekli g

(5.48) 1%}z + 1167° |2 = O(R?).

Proof. The existence and uniqueness properties were obtained in Proposition 5.1,
and (5.48) follows from Lemma B.1, whose hypotheses hold in view of Proposition 5.2
and Lemma C.1. 0

5.3. Estimate of the derivatives with respect to 0. We arrive, finally, at
the main result of the section. We recall that 5X 0. (v 29.4%,6n°) is the derivative
(from the left with respect to 6) of X? := (u?,4?,p? 7).

PROPOSITION 5.5. Let either (A4) or (A5) hold. Then, for fized C > 0,
||U9||oo + HZGHOO + ”qGHoo + ||5779||oo < Ch.

Proof. Applying Lemma B.1 to (QPg), where X and Y have norms defined by
(5.27) (where s = 2) and (5.25), and keeping in mind that, by the definition of the
Lagrangian, we have identified the image space (of b¥) with its dual, we get that

(5.49) 102+~ Aty lo7f ;| < e
0,J
Fix €, > 0, not depending on h. Then

(5.50) If At; ; > &y, then |5ﬁ2j‘ < 015771/2}—1'

So, as far as 67? is concerned, it remains to obtain a uniform estimate when At < ey.
It easily follows from (5.49), the state equation (5.2), and the costate equations (5.14)
that

(5.51) 12°lloo + 14°lo < e2h.
By (5.6), |bi ;| = O(h). Evaluating the contribution of the term containing z, and
observing Zz[l’gti]ﬂ = At; ;, we have
'L+1
(5.52) S MVl = O(h).

bisj )2 ki+1
Eliminating vy in (5.16), we get

k[i,j+1] r
3 hkvugéﬂ( DS (Vg Tl g = OCh).

& k=kl[i,j]+ i'=1

1

(5.53)
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Multiplying by 57—71‘9]‘[1‘ j on the left, summing over ¢ and j € Iy , and setting

r

(5.54) Wy, 1= Z(vug](g 3) 677z“g7j[i,k]’
i=1
we get
| Ml B
(5.55) : Y wf(HE) g = O(h)[on°).

B i=1 k=k[i,j]+1

Denote by 7 the vector of components 577fj[i K] for i = 1 to r. For small enough ¢
depending on 7}, by (A2)—(A3), we have that

(5.56) |71? < 042|wk|2 <a 1a2wkT(Hku)_1wk,
and therefore, since At; ; Zﬁ[lé[—: E 1 P,

a—la?2 k[i,j+1] -
(5:57) i < < Do wh (i) ww = O]l

YD) e=k[i,j]+1
Therefore, we get with (5.19) that
(5.58) |6ﬁ2j[i,k]| < O(h).

The corresponding estimates for v* and 61 follow from (5.16) and (5.19). 0

6. Example. We present an academic example which is a variant of the appli-
cation discussed in [20]. Let us consider the following optimal control problem, for
some € > 0, where g := 9.8:

min [ (Lu?(t) + gy(t)) dt + (y(1) — )?/z,
subject to g(t) = u(t), y(0)=¢, y(t)>0.

The solution of this problem can be seen as the minimum energy state of a system
composed by an elastic line of uniformly distributed mass in a constant gravity field
with the presence of a lower constraint. We can add a state variable, say g, with
zero initial condition and derivative equal to the integrand of the integral cost, and
reformulate the cost as §(1) + (y(1) — ¢)?/&, in order to comply with the format of
the theoretical results. We obtain the problem (for a fixed parameter £ > 0)

min ¢(y(1),7(1)) = §(1) + (y(1) — c)*/e

)
| §(t) = u(d), y(0) = ¢,
”W“m{y L2(1) + gy(t), {mmm y(t) 2 0.

It is known that the costate associated with ¢ has value 1 (observe that this problem
is qualified) and that the costate associated with y and the measure associated with
the state constraints are invariant under this reformulation.

The exact solution for this problem is (assuming & < 2¢/g)

g(t_ten)a te [Oaten)a
u(t) = 0, te [tenate:v)a
g(t_tem)a te [te:m”a
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—di=0.2
= = —dt=0.1
''''' dt=0.05
------- di=0.025
= = —di=0.0125
— di=0.0063

h=0.2

= == h=01

== h=0.05
© h=0.025

= = = h=0.0125

h=0.0063

_4 / ' L L L )
0 0.2 0.4 0.8 0.8 1

Fic. 1. Control and state with various choices of h. We can experimentally observe the con-
vergence of the numerical approzimation, the reqularity in the junction points, and the stability of
the boundary arcs.

TABLE 1
Ezxperimental error at various discretization steps.

h | ly" —gllc  Ord(L>=) |u" —allc  Ord(L>)
0.2 0.0513 0.9996

0.1 0.0139 1.87 0.4996 1

0.05 0.0044 1.65 0.2546 0.97
0.025 0.0020 1.18 0.1311 0.96
0.0125 0.0012 1 0.0668 0.97
0.0063 0.0006 1 0.0334 1
0.0032 0.0003 1 0.0172 0.96

where te, = \/2¢/g and t., = 1 — \/2¢/g — €. The optimal trajectory is

g(t?/2 —tent) + ¢, t€0,ten),
y(t) = 0, te [tenatex)7
gt — tez)?/2, t € [tes, 1],

which means that y(1) = ¢ — g&/2. If £ > 2¢/g, then the solution is as above for
t € [0, ten) and simply equal to zero otherwise.

We solved the discrete solution using an SQP (sequential quadratic programming)
algorithm, a popular iterative method for nonlinear optimization [2, sect. 15]; in
Figure 1 and Table 1 are shown the results at various constant discrete steps h for
¢ = 0.8 and £ = 0.01. This test confirms the convergence results stated previously.
The small discrepancy on the order of convergence of the control u comes from some
numerical error introduced in the optimization of the discrete system.

Appendix A. About strict critical cones. The strict critical cone C'(u) defi-
ned in (2.11)—(2.13) can be compared to the (standard) critical cone C(@) defined as
the set of v € V such that z := z[v] € Z satisfies

(A.1) 9:(y(t)z(t) <0,  tel,
(A.2) ¢'(y(T))=(T) < 0.
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LEMMA A.1. We have that C(a) C C(a). If (a,y) is a stationary point with
associated multiplier (p,m) such that the support of n; is equal to the contact set I,
fori=1 tor, then C(a) = C(a).

Proof. That C (@) C C(a) follows from the definition of these sets. Let (p,n) be
as in the lemma. For the sake of simplicity of notations we prove the second statement
for the case of a scalar state constraint. The Lagrangian function for the continuous
problem is

T T
(A3) Llwy,p.n) = d(y(T)) + / p(t) - (Flu(t), y(t)) — §(6))dt + / a(y(6))dn(z).

Let v be a critical direction and set z := z[v]. Then, by the definition of a critical
direction,

T
(A.4) DL(u,y,p,n)(v,z) :<J5'(y(T))Z(T)+/0 g'(y(t))z()dn(t).

On the other hand, we can observe that the stationarity conditions imply the terms
D,L(u,y,p,n) =0 and D,L(u,y,p,n) =0, then

(A.5) ¢’(y(T))Z(T)+/O g'(y(1)=(t)dn(t) = 0.

Since ¢'(y(T7))z(T) < 0 and ¢'(y(¢))z(¢)dn(t) < 0 a.e., this implies ¢'(y(T))z(T) =0
and ¢'(y(t))z(t)dn(¢) = 0 a.e. The conclusion follows. O

Appendix B. Coercive quadratic programs. We recall a classical conseque-
nce of the coercivity of the cost function of an equality constrained quadratic problem
over its feasible set. To keep the notation as simple as possible, we formulate the
problem in an abstract way. The result will be stated with the same notation as in
Corollary 5.4. Given two Hilbert spaces X and Y, identified with their dual, consider
the optimization problem

1
(B.1) mi}r{l(c, x)x + i(Hx,x)X subject to Az =0b inT,
ES

where (-,-)x denotes the scalar product in X (and || - || := (+,-)x) with a similar
convention for Y, H : X — X is symmetric, A € L(X,Y), c € X, and b € Y. The
Lagrangian of the problem is

1
(B.2) (c,z)x + i(Hx,x)X + (N, Az —b)y.
The associated optimality conditions are
(B.3) c+Hr+ATA=0; Azr=b.

The next lemma is classical (see [9, Thm. 1. and Prop. 1.1]) but it is worth
giving a short proof of it.

LEMMA B.1. Let a > 0 and c4 > 0 be such that

(i) (Coercivity) a|z||* < (Hz,z)x for all x € Ker A;

(ii) (Strong surjectivity) for any V' € Y, there exists ' € X such that Ax =V
and ||z'[| < callt'[].
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Then there exists k > 0, a function of « and ca, such that (B.1) has a unique solution
T and an associated Lagrange multiplier A such that

(B.4) 1Z] -+ A < s (1ol + [lel)-

Proof. The fact that (B.1) has a unique solution Z is consequence of the coercivity
(which in the case of a quadratic cost implies strong convexity over the feasible set
since the latter is a vector subspace). The uniqueness of the Lagrange multiplier X is
a consequence of the surjectivity of A, implied by the strong surjectivity.

The latter also implies the existence of 2° such that Az° = b and [|2°|| < ca|b||-
Then 6z := z — 20 is a solution of

(B.5) Héx + AT\ = —c— H2"; Adx =0.
Therefore, since dx € Ker A,
al|dz||* < dxT Héx = —(6z,c 4+ Ha®) x + (Adz, \)

so that ||6z| < (||c|| + [|[Hz|))/. Since [|2°]] < cal|b||, we deduce that
(B.6) 1] < ll62]l + l2°] < callbll + ~ (HCH + [ HI| callol]) -
By the surjectivity hypothesis,

1, 1
(B.7) A< —IATAI < —(llell + [H [[|]])-

CA CcA

The conclusion follows. 0

Appendix C. Stability of the Hessian of the Lagrangian. Given v € V'V,
we denote by v the associated corresponding piecewise constant element defined by

(C.1) o(t) =vg, tE (tg,trr1) forallk=0to N —1.

Note that v and ¥ have the same L® norm, s € [1,00]. Setting z := z[?] (the solution
of the state equation (2.7) for the linearized, continuous in time problem), we easily
check that

(C.2) 12 = Zllo = [[0]|cO(e + h).

We apply the previous result to (QPg) using the following lemma.
LEMMA C.1. We have that, for any v in UN,

|27 (v, 2" v]) — Q(©)| = O(ello]))?
Proof. Since, by the definition (see (2.20)), hivf = 7§ — 7o, 1, it follows that

N

th}? gk Zk Z 77k+1 )D Qk(zk)Q
k=0

A =

M-

M(D?gh(z1)? — Dgp_1(2k—1)%) = A1 + Ao,

I
M) =

=
Il
—
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where, by a Taylor expansion of D?¢?, we define, for some 9x, € [yx_1, yx],

N N
Ar = m(D?gl(2)” = Dgi_y(20)) = Y bk D (1) (F_ 1, 200 21),
k=1 k=1

N
Ay =Y Dy (2)%) = D1 (2-1)°)
k=1
N
= ham{D?g) (2 + 2r—1, DF_ (0h-1, 20-1)),
k=1

where we used the identity A(b,b)—A(a,a) = A(a+b,a—b) for any symmetric bilinear
form A and the linearized state equation. We deduce that, for A small enough,

Ar= [ a0 200t + (el

and

T
Ay =2 / 9" (5(0) (2(8), £, [ 20, 5Ot dt + O(el[o]).

Using the identity (2.17), we can claim that [Q°(v, z) — Q(7)| = O(e||||)®. We con-
clude with Lemma 2.4. O
Appendix D. Analysis of assumption (A5). As shown before, a key point
of the theory is the coercivity of the Hessian of the Lagrangian of (QP) over the
kernel of equality constraints. Under the assumptions (A5), we can obtain it directly
by showing the stability of the boundary arcs.
A main point is contained in the following lemma.

LEMMA D.1. Let (A5) hold. Given a boundary arc (tq,ts), let kg and ky be defined
as

(D.1)
ko (resp., ky): first index (resp., last index) for which ty, > t, (resp., tx < tp).

Let ¢/ > 0. Reducing € > 0 small enough, we have that when h is small enough, the
following holds.

V8 >0 for all0 <k < N such that ty,, +¢' <ty <tp, —¢.

Proof. The argument has two steps.

(a) By the definition ||n? — 7]|c < €&, and by (A5), 7 has a uniformly positive
derivative over (tx, + &' <t < t, — ') minorized by ¢; > 0. We have that,
for k, < k < ky,

(D.2) np >0(te) — e > Alte,) + 1t —tr,) —€ > 0}, +cate — tr,) — 26,
that is,
(D.3) ity —tr,) —2e <nf —nf..

Therefore, if t, —t, > 2¢/c1, then the above right-hand side must be positive,
proving that the constraint is active for some k such that ¢ < ty, + 2¢/cq.
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(b) If the conclusion does not hold, by step (a), g(y9) would have a local minimum
(possibly with zero value) for some k, < k < kp, such that v¢ = 0. Then A’;
defined in (4.7) is nonnegative. Multiplying (4.3) by V.g™ (ur,yx)T (HE)~?
on the left and using Lemma 4.1(ii) and (4.9), we get

Ak .
(D.4) - lT: + U (Vaug ™ (ue, i) " Hy Vg™ (u, i) = 27,
where Z{ is such that [|Z¢ — Z!||,, = O(¢). We have that the left-hand side of
(D.4) is greater than a positive constant independent on h, since, for 6§ = 1,

for some K > 0, A’g“ =0, v, > K, and |Vg£1)| > K, i.e., for some C > 0,

Ak
(D.5) = 2 vr(Vug"™ (i, y) Ay Vg™ (g, ) > C.
k
This relation is still valid for € and h small enough, for all 6 € [0,,,1], in view
of the continuity of the right-hand side of (D.4). However, it cannot hold
when vy = 0 and AZ > 0, so we get the desired contradiction. 0

Here we prove the coercivity of Q% over the kernel of equality constraints of (QP).
Note that such a property is naturally preserved passing to the alternative formulation
Q2 as shown, for the continuous case in section 2.

LEMMA D.2. Let (A5) hold. Then v+ Q(v, ZF[v]) is uniformly (over h small
enough) coercive over the kernel of equality constraints of (QP).

Proof. We first examine the continuous problem and prove that € is, for € > 0
small enough, coercive for h sufficiently small over the following enlargement of the
critical cone:

(D.6) Ce:={veV|d@wk)z)(t)=0forall t e [t, +¢e,t, — ]}

This holds because otherwise we would have a sequence ¢, | 0 and v in C,_ of the
unit norm such that Q(v?) < o(1). Extracting a subsequence if necessary, assume
that v? weakly converges to v in V. Thanks to the Legendre condition we have that
Q is a Legendre form and therefore
(D.7) Q(v) < liminf Q(v?) <0.
q—0

At the same time, by standard compactness arguments, ¢’(7)z = 0 when the constraint
is active (where Zz is the state variable of the linearized problem associated with v),
and so U is a critical direction. By (A5), Q() < 0 implies that © = 0. But then
Q(7) = lim, Q(v7), so v? (of the unit norm) strongly converges to & = 0, which gives
the desired contradiction.

Now let v belong to the feasible domain of (QP). By Lemma D.1, we know that
v belongs to the set

(D.8) {fveVN; | (W) 2| <e, 0 <k < N, such that t;, +¢ < tp <tg, —€}.

Let v be the associated element of V and z the corresponding state. Given € > 0, it is
easily checked that o € C. when h is small enough, and so, by step (a), Q(v) > Fal[v]/2.
We conclude with Lemma C.1.
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